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The elastic–plastic stress ﬁelds and mode mixity parameters for semi-elliptical surface cracks on biaxial
loaded plates have been investigated using detailed three-dimensional ﬁnite element calculations. Differ-
ent degrees of mode mixity are given by combinations of the far-ﬁeld stress level, biaxial stress ratio and
inclined crack angle. These analyses were performed for different surface ﬂaw geometries to study the
combined load biaxiality and mode mixity effects on the crack-front stress ﬁelds and the size and shape
of the plastic zones. It is clear from considering the local stress distributions along the crack front that the
elastic crack tip singularities have been derived for several particular cases of mixed mode biaxial load-
ing. By theoretical analysis, the new formulae have been introduced for both the elastic and plastic mode-
mixity parameters, accounting for ratios between the I/II, II/III and III/I modes. Particular attention was
paid to the strong variations of the mode-mixity parameters along the semi-elliptical surface crack front.
The mixed-mode behavior of the crack growth direction angle along the semi-elliptical crack front for dif-
ferent combinations of biaxial loading and inclination crack angles was also determined. It was done
using methods based on the maximum tangential stress and the strain energy density criteria.
Published by Elsevier Ltd.1. Introduction
A literature review shows that (Dalle Donne, 1999; Aoki et al.,
1987) there are two competing fracture mechanisms in a ductile
material under mixed-mode loading that are operative near the
sharpened and blunted site of the notch, respectively. Moreover,
the mixed-mode ratio will certainly have an effect, and a transition
at the site of the crack initiation may be observed with a change of
the loading conditions. The dominant mechanism determines the
stable crack growth direction. The principal feature of such crack
growth is that the stable crack propagates either as being domi-
nated by a tensile crack fracture mechanism in approximately
the direction normal to the maximum tangential stresses, or as
being dominated by a shear crack fracture mechanism in the max-
imum strain direction.
The mode mixity has also been proven to be an important
parameter in characterizing the near tip elastic–plastic ﬁelds of
2D and 3D crack problems. Li et al. (2004) established a criterion
to study the competition between the tensile fracture and the
shear fracture in the frame of Ritchie–Knott–Rice (RKR) conception
(Ritchie et al., 1973). Based on the generalization by Shih (1974),
on the HRR-solution and on the knowledge of the mixity parameter
MP, the RKR-based criterion is transformed into a J–MP criterion.
This criterion is given as a function of the mixity parameter MP
and the strain hardening exponent n of the material. When theLtd.
nikov).crack grows in accordance with the cleavage fracture mechanism
in elastic solids, the mixed-mode crack behavior can be described
by either the elastic stress intensity factors KI and KII or the elas-
tic-mixity parameters ME. Moreover, the criteria used to assess
the crack growth direction angle for both tensile and shear crack
must be also scaled by ME or MP.
All of the considered criteria are only applicable when a highly
accurate evaluation of the mixity parameters ME or MP has been
given. Therefore, it is physically more reasonable to establish
mixed-mode fracture criteria on the basis of the J–ME and J–MP
annuli. In these criteria, the elastic ME and the plastic MP are both
governing parameters of the mixed-mode crack behavior. Even if
some attempts have been made recently, there are currently no
results available to provide the critical applied mixed-mode ratio
characterizing the usual change in the fracture mode.
All of the above-mentioned (both analytical and numerical)
analyses of the effects of the dominant fracture mechanism during
mixed-mode loading have focused only on through thickness crack
type (Shlyannikov, 2010). A similar investigation of inclined sur-
face cracks in elastic–plastic solids has not been carried out. Only
a few works related to 3D-analysis of fracture criteria and param-
eters behavior have been presented in the literature (Ayhan, 2004;
English et al., 2010; Miura and Takahashi, 2010; Wang, 2006;
Burdekin and Xu, 2003; Zhao et al., 2007).
Surface ﬂaws are typical damage to different types of engineer-
ing structures. The assessment of changes in both the form and the
size of the surface cracks during propagation is an essential ele-
ment for the prediction of the structural integrity of biaxially
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lines in the presence of initial and accumulated operation damages.
Frequently in practice, inclined cracks are encountered and accu-
rate assessment of the fracture resistance under monotonic loading
or the remaining fatigue life for such problems requires one to
account for the geometrically induced mode mixity, i.e., the non-
normal crack in the loading direction. Therefore three-dimensional
solutions obtained for biaxially loaded plates containing inclined
surface ﬂaws can generally be very useful in assessing the fracture
conditions in the given problem of interest.
In their study, Tai et al. (2010) considered the effects of T-stress,
in addition to KI, KII and KIII with respect to predicting the fracture
initiation angle for 3D surface mixed-mode cracks. They have
shown, on the basis of the maximum tangential stress criterion,
that for linear elastic materials, a negative T increases the apparent
fracture toughness, whereas a positive one decreases it.
Fig. 1 illustrates an inclined, semi-elliptical surface crack in a
plate loaded by uniform biaxial loads. Load biaxiality is given by
the ratio of the nominal stresses g ¼ rnxx=rnyy. In this ﬁgure, a is
the crack depth in the plate thickness direction and 2c is the crack
length in the plate width/height direction, and they are measured
in the inclined crack plane A–A. The crack plane A–A is rotated with
respect to the global OZ axis by a (Fig. 1). The angle of inclination,
a, is measured from a plane parallel to the global X–Z plane, i.e., a
is the angle between the crack plane A–A and the global X–Z plane.
It should be noted that the position angle along either the crack
front, or the parametric angle u of a semi-ellipse goes from 0 to
180 in the plots for this type of surface ﬂaw and this angle is mea-
sured from the upper free surface, i.e., u = 0. The size of the plate
containing the inclined surface ﬂaw is taken asw/c 1 and t/a 1
in all of the cases considered here.
The surface ﬂaw in Fig. 1 undergoesmixed-mode fracture condi-
tions having all three components of stress intensity factors, i.e.,
mode I, mode II and mode III. Although the remote loading takes
place under normal pressure loads, an abnormal orientation of the
crack relative to the loading direction causes the mode mixity. Dif-
ferent degrees of mixed modes are given by the combinations of
the crack plane position angle a and the load biaxiality g. For in-
stance, a tensile load (or pure mode I) corresponds to a = 90 for
any g and u, however, for a = 45, g = 1 at u = 0 occurs in pure
mode II on the free surface of the plate. Similarly, the same values
a = 45, g = 1 atu = 90 in the deepest point of the crack front real-
ize puremode III. There is no geometrical symmetry in this problem.
The main objective of the present work is to study the inﬂuence
of the aspect ratio of a semi-elliptical surface ﬂaw, biaxial loadingFig. 1. A semi-elliptical inclined surface crack in aand an initial crack angle on the elastic–plastic stress–strain ﬁelds.
This is done for both elasticME and plasticMP mode-mixity param-
eter distributions and the crack growth direction angle behavior
for a surface crack is subjected to combined loading in modes I, II
and III. The present investigation is carried out within the frame-
work of extensive 3D ﬁnite element analysis and under all three
fracture mode (combining mode I, mode II and mode III)
conditions.
2. Computational procedures
2.1. Coordinate systems
Fig. 1 shows a schematic of the semi-elliptical surface ﬂaw
geometry, with the crack centered at the origin of the Cartesian
coordinate system. The semi-major and semi-minor axes of the el-
lipse are denoted by c and a, respectively, and the points on the
crack surface are described by the relations
x2
c2
þ z
2
a2
6 1; y ¼ 0: ð1Þ
Similarly, the points on the crack boundary (front) are deﬁned by
the parametric relations
x2
c2
þ z
2
a2
¼ 1; y ¼ 0; x ¼ c cosu; z ¼ a sinu: ð2Þ
The formulation of the considered problem can be expressed most
conveniently using the Cartesian coordinates (x,y,z) and polar coor-
dinates (q,h,x) in conjunction with the symmetrical form of the
ellipsoidal coordinates (/,n,w). The connections between these
coordinate systems are known and are described in the reference
by Kassir and Sih (1966).
In the Cartesian frame of reference, the components of the
stress tensor are designated by (rxx,ryy,rzz,rxy,ryz,rxz,). The local
stress ﬁeld can be found by introducing a local triply orthogonal
system of ellipsoidal coordinates (/,n,w) with its origin at an arbi-
trary point along the crack front (Fig. 2). The system (/,n,w) forms
a trihedral in such a way that the axes /, n, w are always directed
along the principal normal, tangential and bi-normal of the crack
front. The projections of the stress tensor along these local axes
are designated by (r//,rww,rnn,r/w,rwn,r/n) and the modiﬁed
stress tensor is then transformed from Cartesian to ellipsoidal
coordinates in the following manner:plate under remote uniform biaxial loading.
Fig. 2. Ellipsoidal coordinate system.
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rww ¼ ryy;
rnn ¼ rzz cos2uþ rxx sin2u 2rzx sinu cosu;
r/w ¼ rxy cosuþ ryz sinu;
rwn ¼ ryz cosu rxy sinu;
r/n ¼ ðrzz  rxxÞ sinu cosuþ rzxðcos2u sin2uÞ:
8>>>>><
>>>>>>:
ð3Þ
The derivation of the stress state around the contour of a semi-
elliptical crack depends upon a knowledge of the limiting forms of
the ellipsoidal coordinates (/,n,w) and the polar coordinates
(q,h,x). In Fig. 3 the stress tensor can be transformed from ellipsoi-
dal to polar coordinates by using the expressions
rqq ¼ r// cos2 hþ rww sin2 hþ 2r/w sin h cos h;
rhh ¼ r// cos2 hþ rww sin2 h 2r/w sin h cos h;
rxx ¼ rnn;
rqh ¼ ðrww  r//Þ sin h cos hþ r/wðcos2 h sin2 hÞ;
rqx ¼ rw1 cos h rn/ sin h;
rxq ¼ rwn cos hþ rn/ sin h:
8>>>>><
>>>>>>:
ð4Þ2.2. Three-dimensional ﬁnite element model
Three-dimensional ﬁnite elements are used to model a plate
containing a semi-elliptical surface crack. The geometry and coor-
dinate system used are shown in Fig. 1. The ﬁnite element analysesFig. 3. Polar coordare performed using ANSYS (1999) with twenty-node quadrilateral
brick isoparametric three-dimensional solid elements. To model
the 3D stress ﬁeld correctly and because of the strong variations
of the stress gradients, the thicknesses of the successive element
layers are gradually reduced toward the free surface with respect
to the crack-front line. A ﬁnite element mesh consisting of 224 ele-
ments placed along curvilinear crack front. In the circumferential
direction, 40 equally sized elements are deﬁned in the angular
region from 0 to p with accordance of reference by the authors
Shagivaleev and Yarullin (2005). The size of each ring increases
gradually with the radial distance from the crack tip. Radial sizes
of elements are varied according to the geometric progression. A
ﬁnite element mesh consisting of 1,144,530 nodes and 275,784
20-node quadrilateral brick elements was used. To consider the
details of a large deformation of the crack tip, a typical mesh was
used to model the region near the notch tip (Fig. 4).
The FEA calculations in this work are based on the J2 incremen-
tal theory of plasticity. The Ramberg–Osgood model
e
ey
¼ r
ry
þ a r
ry
 n
ð5Þ
was employed to deﬁne the stress–strain curve corresponding to
the elastic–plastic material properties. In Eq. (5), ry is the yield
stress, n is the hardening coefﬁcient and a and ey are the two ﬁtting
parameters. The parameter ey is usually taken to be equal ry/E. Two
ﬁtting parameters are determined by means of least squares
minimization. It is well known that this ﬁt type yields a goodinate system.
Fig. 4. Typical FE meshes of a plate containing inclined semi-elliptical surface crack.
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but for low plastic strains, the stresses are lower than the experi-
mental data. In our case, the typical relative difference between
the experimental and the ﬁtting values of the true strain is less than
5%. For all of our analyses, a = 3, n = 4.96, E = 206 GPa, ry = 380 MPa,
and m = 0.3 were used. To facilitate the extraction of the elastic–
plastic stress ﬁeld, the elastic analyses, corresponding to n = 1 for
the geometry and loading conditions of each crack are also
conducted.
The loads are applied to the far-ends of the plate (Fig. 1). The
height/width ratio is ﬁxed at 1 and the ratio a/t is ﬁxed at 0.05
for all variants in the calculations. For all of our analyses, the (crack
length)/(plate width) ratio a/w = 0.025 is used. The small a/t ratio is
used to exclude the effect of a free boundary in the thickness direc-
tion. That is, the results of the present analyses are for plates with
inﬁnite thickness.
3. Elastic–plastic strain and stress ﬁelds
3.1. Plastic strain distributions
A review of the literature shows that, so far, the effects of the
different nominal stress–strain-states are considered in the studies
concerning the plastic zone at the crack tip. These effects are well
known as the plane stress and the plane strain are considered.
However, this does not result in an accurate estimation of the plas-
tic zone for arbitrary three-dimensional problems because the
shape and size of the plastic zone predicted by these models are
different from the actual one. Our preliminary data show that, to
have accurate results, the mode-mixity inﬂuence should be consid-
ered, but the effect of the crack-front position should also be taken
into account. To compare the effects of different mixed modes onthe resulting plastic zone at the crack tip on the free surface
(u = 0) and in the deepest point (u = p/2), the following combina-
tions of load biaxility g and crack angle a are considered (Fig. 5):
equi-biaxial tension g = +1 with a = p/2 and a = p/4; uniaxial ten-
sion g = 0 with a = p/2 and a = p/4; equi-biaxial tension–compres-
sion g = 1 with a = p/2 and a = p/4. It should be noted that pure
mode I is realized at all points of the curvilinear crack front when
the crack angle equals a = p/2 and for any load biaxiality.
Full-ﬁeld 3D ﬁnite element analyses are carried out to deter-
mine the elastic–plastic strain and the stress ﬁelds along the curvi-
linear crack front in a plate subjected to different biaxial loadings.
The loading level is chosen as r1yy=ryield ¼0.425 and the aspect ratio
a/c = 0.5. Because of the different cases, it is difﬁcult to present the
difference between the plastic zones in a three-dimensional man-
ner, so only two representing cuts along the crack front are shown
in Fig. 5 (these are the points corresponding to u = 0 and u = p/2).
We observed that, for all examples, the size and shape of the
plastic zones from ﬁnite element analyses depend on the combina-
tion of the nominal stress biaxial ratio g and the angle of crack
inclination, a. A comparison of the plastic strain distributions at
g = +1 for the angle of inclination a = p/2 with the ones for a = p/
4 clearly shows that only the equi-biaxial tension is invariant with
respect to the crack angle a for any point of the crack front, as is
expected from an analytical consideration of a mixed-mode prob-
lem. Fig. 5 shows that, for a pure mode I (a = p/2) and for any load
biaxiality semi-elliptical crack, the plastic zone has a symmetrical
shape with respect to the line h = 0 for both considered crack-front
points.
It follows from Fig. 5 that, under the uniaxial tension with g = 0
on the free surface of plate (u = 0) at the crack inclination angle
a = p/4, the plastic zone, due to the mode mixity, is non-symmet-
rical with respect to the initial crack plane. However, for the same
Fig. 5. Plastic zone under different biaxial loading for main crack front points.
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the plastic strain distribution has a symmetrical shape. Moreover,
in the deepest point of the crack front at a = p/4 under the equi-
biaxial tension g = +1, pure mode I is realized, whereas under the
equi-biaxial tension–compression g = 1, the pure mode III takes
place. A comparison of the results due to the different mode mix-
ities we considered demonstrates that the plastic zone shows a
symmetrical shape in the deepest point of the crack front. This ob-
served plastic zone behavior can be explained by an analysis of the
individual dimensionless stress component distributions.
3.2. Stress ﬁelds along the crack front
The three-dimensional ﬁnite element data have been used to
determine the elastic–plastic stress component angular distribu-
tions along the surface crack front for different load bixialities.
Some results for both semi-circular (e = 1.0) and semi-elliptical
(e = 0.5) surface cracks which were subjected to remote equi-biax-
ial tension (g = +1,a = p/2) and equi-biaxial tension–compression
loading (g = 1,a = p/4), are given in Fig. 6; they have dimension-
less hoop stress ~rhh and both in-plane ~rqh and out-of-plane ~rhx
shear stresses. Remarkably, all angular stress distributions are
symmetrical with respect to the crack plane h = 0under the con-
sidered loading conditions. The results for the elastic–plastic mate-
rial of angular stress distributions for general FEM-numerical
solutions are normalized so that
~rFEMe;max ¼
3
2
sFEMij s
FEM
ij
 1=2
max
¼ 1: ð6Þ
In Eq. (6) ~re is the Mises effective dimensionless stress and Sij are
the components of the deviatoric stress tensor. As can be seen from
Fig. 6, both mode I hoop stress ~rhh and mode III out-of-plane shear
stress ~rhx increase along the surface semi-elliptical crack front
when the angle is altered from u ¼ 0 (the free surface) to u ¼ 1:0
(the deepest point). The elastic–plastic dimensionless mode II in-
plane stress ~rqh decreases due to the out-of-plane effect, and it
equals zero as the deepest point is approached along the crack front.
The effect of the corner singularity on all full ﬁeld stress compo-nents is also evident in Fig. 6. Nevertheless, the free surface ﬁelds
(u = 0) are distinctly different from the two-dimensional plane
stress ﬁeld, which is due to the signiﬁcance of the strong out-of-
plane stress gradients.
The dimensionless angular stress component distributions are
given in Fig. 7as functions of the crack inclination angle (2a/p)
for the semi-elliptical (e = 0.5) surface crack, which is subjected
to remote equi-biaxial tension–compression loading (g = 1). This
loading variant was selected because particular cases contain the
pure mode I (a = p/2), pure mode II (a = p/4,u = 0) and pure mode
III (a = p/4,u = p/2) at the surface semi-elliptical crack. Note that
the angular stress distributions for the dimensionless crack tip dis-
tance r/l = 0.01 (where l = 5 mm) are given in Fig. 7. Additionally,
equi-biaxial tensile-compression loading is analyzed at a large
number of different values of inclination of the angle a. Although
the loads acting at the ends of the plate are uniform tensile-com-
pression pressure loads, the problems exhibit mixed-mode fracture
conditions due to different values of the inclination angle. The elas-
tic–plastic stress ﬁelds on the free surface shown in Fig. 7(a)–(c)
may be compared to the stress ﬁelds in the deepest point of the
crack front, as shown in Fig. 7(d)–(f).
Fig. 7(a) shows that, for the semi-elliptical surface ﬂaw geome-
try (e = 0.5) and on the free surface under equi-biaxial tension–
compression loading (g = 1), the angular hoop stress distribution
takes its maximum value at 2a/p = 1 in the crack plane at the polar
angle h = 0. It also decreases towards an inclination angle value of
2a/p = 0.5. After having moved from the pure mode I 2a/p = 1 a
symmetrical-type distribution of the hoop stress because of a
decreasing inclination angle a, the angular stress ﬁeld at 2a/
p = 0.5 reaches an anti-symmetrical type that corresponds to the
pure mode II for a given parametrical angle of ellipse u = 0. Unlike
this situation, in the deepest point of the crack front u = p/2, the
hoop stress distribution in Fig. 7(d) preserved a tendency to return
to a symmetrical type because it decreased its maximum value’s
magnitude and, ﬁnally, ~rhh equaled zero for any h at 2a/p = 0.5.
Contrary to that behavior, the in-plane shear stress ~rqh in
Fig. 7(b) on the free surface changed from an anti-symmetrical
type at 2a/p = 1with decreases of the crack inclination angle to a
Fig. 6. Angular stress distributions along crack front of semi-circular and semi-elliptical cracks.
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2a/p = 0.5. In the deepest point of the crack front, as shown in
Fig. 7(e), the in-plane shear stress ~rqh decreases as the inclination
angle decreases, and it equals zero for any h at 2a/p = 0.5. Qualita-
tively similar behavior of both the hoop and the in-plane shear
stresses on the free surface of the plate with a semi-elliptical crack
was mentioned by Shlyannikov (2003) for through-thickness
mixed cracks.
On the free surface of the plate at u = 0 when g = 1, 2a/p = 0.5
takes place in the mixed mode II + III, while for the same values of
g = 1 and 2a/p = 0.5 in the deepest point of the crack front at
u = p/2, the pure mode III conditions are realized. This is because
both the hoop stress and the in-plane shear stress are equal to zero,
but the out-of-plane shear stress takes its maximum value with a
symmetrical type of angular distribution, as follows from Fig. 7(f).
4. Crack-tip singularity
Under general elastic stressing, the stress ﬁeld along the interior
points of the crack front is the superposition of the conventional
modes I, II and III, which are characterized by an inverse square
root dependence on the distance from the tip. At the point where
the crack front intersects the free surface, a three-dimensional cor-
ner singularity exists and its effect on the mode I, II and III stress
intensity factor distributions is apparent. The relationship between
the corner and interior singularity strength has been examined for
speciﬁc three-dimensional, mode I (Nakamura and Parks, 1988)
and mode II/III (He and Hutchinson, 2000) problems. However,
only a few attempts have been made to incorporate the corner sin-
gularity in the representation of the numerical results for the sur-
face semi-elliptical crack stress distributions.Despite numerous elastic–plastic ﬁnite element analyses
accounting for higher-order terms in stress expansion, the general
understanding of both physical and mechanical fracture phenom-
ena of 3D-mixed-mode surface ﬂaws is far from complete. Only
for two particular cases of pure mode I and pure mode II have
the values of the crack tip distance exponent been proposed in
the literature. Moreover, known solutions for the higher-order
term amplitude factors accounting for corner effects do not have
a systematic order. Therefore, only three elastic particular mixed
mode cases of the crack tip singularity determination, based on
the apparent stress intensity factors for surface cracks, are consid-
ered. We analyzed such far ﬁeld mixed-mode loading conditions
when the non-singular T-stress is equal to zero, i.e., when the ﬁrst
term in the elastic stress expansion is under equi-biaxial tension
(g = +1) and equi-biaxial tension–compression (g = 1) with the
crack inclination angle a = p/4 (Williams, 1957).
We consider and use the following stress expansion in the form
of equations of Eftis and Subramonian (1978):
rij ¼ Kirk ~rREFij hð Þ þ Td1id1j; ð7Þ
where
T ¼ rnyyð1 gÞ cos 2a: ð8Þ
In Eqs. (7) and (8), r and h correspond to the local polar coordinates
measured from the periphery of the crack front in the plane perpen-
dicular to it (Fig. 1). Also ~rREFij hð Þ are the well known dimensionless
angular stress functions, rnyy is the nominal stress in the y-axis
direction,g ¼ rnxx=rnyy is the nominal stress biaxial ratio and a is
the inclined crack angle. The solution for arbitrary uniform remote
biaxial stressing of an inclined surface crack (Fig. 1) is obtained by
Fig. 7. Angular stress distributions as a function of crack inclination angle.
1784 V.N. Shlyannikov, A.V. Tumanov / International Journal of Solids and Structures 48 (2011) 1778–1790the substitution of the appropriate full ﬁeld FEA stresses rij ¼ rFEMij
into Eq. (5).
The stress intensity factors for modes I, II and III of a surface
semi-elliptical crack in Eq. (7) can be calculated from the general
equation
Ki ¼ r1i
ﬃﬃﬃﬃﬃﬃﬃﬃ
p  l
p
; ð9Þ
where l is the current crack length. This length is deﬁned as
l ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cosu
c
 2 þ sinua
 2r ð10Þ
and the remote stresses related to the nominal biaxial stress rnyy are
deﬁned as
r1I ¼ rnyy cos2 aþ g sin2 a
 
; r1II
¼ rnyy
1 g
2
sin 2a cosu; r1III ¼ rnyy
1 g
4
sin2a sinu: ð11Þ
4.1. A particular case of pure mode I at equi-biaxial tension (sub-
problem I)
This type of far ﬁeld biaxial loading is realized when g = +1 and
in this case, Eq. (8) implies T = 0. For such a problem, the local elas-
tic hoop stress is
rFEMhh ¼ KIrk ~rREFhh hð Þ þ 0: ð12Þ
It is easy to show that, from Eqs. (3) and (4) on the plane h = 0,rFEMhh ¼ r// sin2 hþ rww cos2 h 2r/w sin h cos h ¼ rww ¼ ryy: ð13Þ
By substituting the dimensionless angular functions at h = 0 into
Eq. (13) are found to be
rFEMhh ¼
K1
ð2prÞk1 cos
h
2
1þ sin h
2
sin
3h
2
	 

þ K2ð2prÞk1 sin
h
2
cos
h
2
cos
3h
2
þ 0 ¼ K1ð2prÞk1 : ð14Þ
By solving Eq. (14) for k1, the following expression is resulting for
the mode I crack tip singularity is found:
k1 ¼ lnðK1=rFEMhh Þ= lnð2prÞ: ð15Þ
4.2. A particular case of equi-biaxial tension–compression at a = 45
(sub-problems II and III)
This type of far ﬁeld biaxial loading is realized when g = 1 and
a = p/4, and in this case, Eq. (8) implies T = 0. In an analogous way,
the crack tip singularities for sub-problems II and III are derived
from the local stress ﬁeld:
rFEMqh ¼ ðrww  r//Þ sin h cos hþ r/w cos2 h sin2 h
 
¼ r/w
¼ rxy cosuþ ryz sinu ð16Þ
rFEMhx ¼ rwg cos h rg/ sin h ¼ rwg ¼ ryz cosu rxy sinu: ð17Þ
On the plane where h = 0,
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h
2
cos
h
2
cos
3h
2
þ KIIð2prÞk cos
h
2
1sinh
2
sin
3h
2
 
¼ KIIð2prÞk ;
ð18Þ
ryz¼ KIIIð2prÞk cos
h
2
¼ KIIIð2prÞk ; rzx¼
KIII
ð2prÞk sin
h
2
¼0; ð19Þ
rFEMqh ¼ KIIð2prÞk2 cosuþ
KIII
ð2prÞk2 sinu;
rFEMhx ¼ KIIIð2prÞk3 cosu
KII
ð2prÞk3 sinu;
8<
:
ð2prÞk2 ¼ 1rFEMqh KII cosuþKIII sinuð Þ;
ð2prÞk3 ¼ 1rFEM
hx
KIII cosuKII sinuð Þ;
8<
:
ð20Þ
and so
k2 ¼
ln 1rFEMqh
ðKII cosuþ KIII sinuÞ
	 

lnð2prÞ ;
k3 ¼
ln 1rFEM
hx
ðKIII cosu KII sinuÞ
h i
lnð2prÞ : ð21Þ
4.3. The elastic stress intensity factors for sub-problems I, II and III
In general case the mode I, II and III stress intensity factors KI, KII
and KIII vary along the crack front and will be regarded as functions
of the angle u deﬁned in Fig. 1. Based on the computed three-
dimensional ﬁnite element stress intensity factors, numerical re-
sults give one grounds for taking the border effects for surface
cracks into account. As a particular case of the mode II and mode
III stress intensity factors by He and Hutchinson (2000) the solu-
tion is proposed for arbitrary uniform remote stressing by the
superposition of the stress intensity factors of the semi-elliptical
surface crack as the sum of the reference intensity factors for theFig. 8. Elastic crack tip singularitfull elliptical crack with corrections by polynomials accounting
for behavior in the vicinity of the corner. A useful reference solu-
tion is that for the similarly aligned and loaded elliptical crack on
an inﬁnite solid. The analytical work by Kassir and Sih (1966) ana-
lyzed the behavior of such an inclined, penny-shaped crack in an
inﬁnite medium under different uniform remote loading condi-
tions. After taking load biaxiality into account and after using exist-
ing results for the mode I stress intensity factors (Murakami
(1990)), the general solution for the stress intensity factors can
be written as the sum of the reference intensity factors for the full
elliptical crack (the analytical solutions) with corrections by poly-
nomials accounting for behavior in the vicinity of the corner (the
FEA calculations)
KI ¼ KREFI ½1þ g ð1 gÞ cos 2a; KII ¼ KREFII þ dIIKREFII

max;
KIII ¼ KREFIII þ 2dIIIKREFIII

max; ð22Þ
where
KREFI ¼
1
2Es
fF; KREFII ¼
k2e cosu
2Bf
ð1 gÞ sin 2a;
KREFIII ¼
k2ð1 mÞ sinu
4Bf
ð1 gÞ sin 2a ð23Þ
with elliptic integrals deﬁned by
Es ¼
Z p=2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2u
q
du; D ¼
Z p=2
0
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2u
q du;
f ¼ sin2uþ e2 cos2u
 1=4
; e ¼ a=c;
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e2
p
; B ¼ ðk2  mÞEs þ me2D;
F ¼ ð1:13 0:09eÞð1þ 0:1ð1 sin2uÞÞ:y behavior along crack front.
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used for scaling the surface crack solutions
KREFI
max
a¼p=2 ¼
1
Es
; KREFII
max
u¼0 ¼
k2
ﬃﬃ
e
p
B
; KREFIII
max
u¼p=2 ¼
k2ð1 mÞ
2B
: ð24Þ
The corrections of solutions for the full elliptical crack in the
inﬁnity body are provided by polynomials accounting for different
geometries in the edge of a semi-elliptical surface crack in the half-
space have been given by He and Hutchinson (2000). They are
based on the three-dimensional ﬁnite element results, and they
are as follows:
dII ¼ b0 þ b1 uþ b2 u2 þ b3 u3 þ b4 u4 þ b5 u5;
dIII ¼ c0 þ c1 uþ c2 u2 þ c3 u3 þ c4 u4 þ c5 u5:
ð25Þ
In Eq. (25) u ¼ 2u=p is the dimensionless angle of the semi-ellipti-
cal crack. Thus, a three-dimensional ﬁnite element results (He and
Hutchinson, 2000; Murakami, 1990) and analytical solutions (Kassir
and Sih, 1966) have been used to calculate the mode I, II and III
stress intensity factor distributions along the surface crack front
for different load biaxialities. More details for the elastic stress
intensity factor calculations and distributions related to the prob-
lem considered are given by Shlyannikov et al. (2010b).
The crack tip singularity directly ahead of the crack plane at
h = 0 is calculated by using Eqs. (15) and (21) for the three-dimen-
sional ﬁeld in which biaxial loading is only based on the elastic
stress intensity factor (when T = 0). These singularities are shown
in Fig. 8. It should be mentioned that plane stress at the free sur-
face requires two conditions to be met, namely,
rzz ¼ rrz ¼ rhz ¼ 0; drzzdz ¼
drrz
dz
¼ drhz
dz
¼ 0:
However the second set of equations, which requires there to be no
stress gradients in the through thickness direction, is not satisﬁed.
Under pure elastic conditions, this results in a corner ﬁeld, which
does not exhibit the familiar two-dimensional r1/2 stress singular-
ity. This theoretical ﬁnding is conﬁrmed by crack tip singularity dis-
tributions along the crack front in Fig. 8. Moreover, as discussed by
Yusof and Hancock (2005), under perfectly-plastic conditions both
the plane stress and corner ﬁelds show the familiar r0 dependence,
but the structure of the free surface ﬁeld is completely different to
the one in plane stresses. Compared to the in-plane shear stress dis-
tribution at the deepest point of the crack front in Fig. 7(e), the FEA
results in Fig. 8 show that the crack tip singularityk2 is close to zero
when ~rqh-stress disappears at g = 1 and a = p/4. This feature is
also shown on the free surface by a three-dimensional ﬁeld in
Fig. 7(c), when the out-of-plane shear stress ~rhx-stress disappears
at g = 1 and a = p/4 and the crack tip singularity k3 becomes close
to zero in Fig. 8.
It follows from Fig. 8 that the effective zone of dominance of the
inverse square root behavior of the crack tip singularity comprises
a very small fraction of the crack front. The crack-front singularity
of the mode I ﬁeld k1 is stronger, and those of the in-plane k2 and
out-of-plane k3 shear modes II and III are weaker functions of the
crack tip distance, which have absolute values r that are normal-
ized by the crack length a. Comparing the crack-front distributions
for the semi-circular surface crack to the ones for the semi-ellipti-
cal crack clearly shows the inﬂuence of the surface ﬂaw shape on
the singularity behavior under different mixed modes of loading.
5. Mode-mixity parameter solutions
Following the Shih (1974) deﬁnition for the case of elasticity,
the mode-mixity parameters are introduced by the following equa-
tions, which characterize the relative forces of the stress intensity
factors in the far-ﬁeld:ME12 ¼
2
p
arctg
KI
KII

; ME23 ¼
2
p
arctg
KII
KIII

; ME31 ¼
2
p
arctg
KIII
KI

:
ð26Þ
These equations contain the elastic stress intensity factors KI, KII
and KIII for the surface ﬂaw, which are described by Eq. (22). With
this deﬁnition of MEij, hereby referred to as the far-ﬁeld elastic mix-
ity parameters, changes from 0 to 1, i.e., for pure mode I,ME12 ¼ 1
andME31 ¼ 0; for pure mode II,ME12 ¼ 0 andME23 ¼ 1; lastly, for pure
mode III ME23 ¼ 0 and ME31 ¼ 1.
The near-ﬁeld plastic mode-mixity parameters were introduced
as ratios between corresponding local elastic–plastic stress compo-
nents. This was done directly ahead of the crack tip at h = 0 in polar
coordinates (Eq. (2)) in the following form:
MP12 ¼
2
p
arctg
rhh
rqh

; MP23 ¼ 2p arctg
rqh
rxh

; MP31 ¼ 2p arctg
rxh
rhh

:
ð27Þ
The dimensionless elastic–plastic stress components rij ¼ rij=ro
are obtained by a full-ﬁeld FEA solution. Based on the numerical
results for the angular stress component distributions along
the inclined surface crack front under different load biaxialities,
the values of the plastic mode-mixity parameters have been
determined for the semi-circular and semi-elliptical surface ﬂaws.
Thus, MPij are deﬁned in terms of the tensile, in-plane and out-of-
plane shear stresses, whereMPij also ranges from 0 to 1, i.e., for pure
mode I, MP12 ¼ 1 and MP31 ¼ 0; for pure mode II, MP12 ¼ 0 and
MP23 ¼ 1; for pure mode III,MP23 ¼ 0 andMP31 ¼ 1. For the most gen-
eral 3D elastic or plastic case of an arbitrarily shaped surface ﬂaw,
an equivalent mode-mixity parameter can be calculated from the
equation
M ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðM12Þ2 þ ðM23Þ2 þ ðM31Þ2
q
: ð28Þ
As shown in Fig. 9, the mixity parameters’ distributions account
for all ratios between the I/II, II/III, III/I modes along the crack front
of a semi-elliptical surface crack in a plate with an aspect ratio of
e = a/c = 0.5 under far-end loads have been determined. Fig. 9(a)–
(f) illustrates the elastic mode-mixity parameters’ (MEijÞ behavior
as a function of the crack-front positionu and the inclination angle
a of a semi-elliptical surface crack under biaxial tension with a ra-
tiog = 0.5 (Fig. 9(a)–(c)) and under equi-biaxial tension–compres-
sion with g = 1 (Fig. 9(d)–(f)). Shlyannikov et al. (2010a)
obtained plastic mode-mixity parameter MPij distributions, which
we do not show here, for a semi-elliptical surface crack in a biaxi-
ally loaded ﬁnite thickness plate. Comparison of such distributions
reveal that, under biaxial loading as a function of the crack-front
location and the inclination angle in a qualitative sense, results
for the elastic and plastic mode-mixity parameters’ behavior show
similar trends. As follows from results presented in Fig. 9, all frac-
ture modes are encountered along the crack front when an inclined
surface crack is subjected to remote uniform biaxial loading at dif-
ferent intensities. Both the plastic and the elastic mode-mixity
parameters, like KI/KII, KII/KIII and KI/KIII, do not remain constant
along the curvilinear crack front of the surface ﬂaw.
Fig. 9(b) and (e) shows that the behavior of the elastic mixity
parameter M23 along the crack front is invariant with respect to
the initial crack angle a and the biaxial stress ratio g. Although it
is not true in this situation, it is often observed that the mixity
parameters M12 and M31have a signiﬁcant difference in the crack
inclination angle distributions for different biaxial loading cases.
Moreover, the biaxial tension case with g = 0.5 is very sensitive
to a change in the mode mixity in the vicinity of the free surface
of a plate.
Fig. 9. Mode mixity parameters distributions along inclined crack fronts.
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ferent crack-front distances (r/a), including the crack-front position
when (r/a) = 0 under uniaxial tension g = 0 with inclination angle
a = 45of the semi-elliptical surface crack e = 0.5, are plotted in
Fig. 10. The corresponding elastic mixity parameter ðMEijÞ distribu-
tions are presented for purposes of comparison. In Fig. 10 cases 1,
2, 3 and 4 correspond to the FEA elastic–plastic solutions at differ-
ent locations near the crack front (1  r/a = 0.0, 2  r/a = 0.0067,
3  r/a = 0.02, 4  r/a = 0.04),while case 5 represent mode mixity
parameters computed applying the elastic stress intensity factors
KI, KII and KIII for the surface ﬂaw, which are described by Eq.
(22). In Fig. 10 u ¼ 2u=p is the dimensionless angle of the semi-
elliptical crack.
As can be seen from this ﬁgure, the plastic mode mixity M12
roughly increases along the surface semi-elliptical crack front
when the angle of the free surface of the plate is altered fromFig. 10. Comparison mode mixity parameters distributions under uniaxial tensionu ¼ 0 to u  0:05 with a dimensionless distance increasing from
(r/a) = 0 to (r/a) = 0.0067. For the surface cracks M12, smooth in-
creases with respect to the crack-front angle in the range of
0:05 < u < 1 were observed. It should be pointed out that the
free-surface effect is also evident in Fig. 10 for plastic mixity
parameters M23 and M31. It is observed that, for the surface cracks
in the vicinity of the corner, M23 displays non-uniform behavior
and M31 does not go smoothly to 1 when u < 0:2, which is consis-
tent with the existence of a corner singularity differ than1/(n + 1)
dependence in the HRR-solution, where n is the strain hardening
exponent of the material. As it is shown in Fig. 10, the mode-mixity
parametersM12 andM31 are the largest where the crack penetrates
most deeply into the body u ¼ 1with respect to its levels near the
free surface.
It should be pointed out that Fig. 10 gives a very clear demon-
stration of the border’s effects on both the elastic and plastic(1- r/a = 0.0, 2 – r/a = 0.0067, 3 – r/a = 0.02, 4 – r/a = 0.04, 5 – elastic solution).
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sponding to 0 < u < 10. Moreover, in some cases when the
dimensionless crack-front distance is more than (r/a) = 0.04 the
numerical elastic–plastic results for the mixity parameter distribu-
tions along the crack front nearly coincide with the elastic analyt-
ical solution at the deepest point of the curvilinear surface crack
front.
It should be noted that, based on the full-ﬁeld FEA solution, the
generalized mixed-mode parameters in the form of Eq. (28) can be
applied to study the competition between the dominant fracture
mechanisms. It is clear that both the proposed elastic and the pro-
posed plastic mode-mixity parameters, which are meant account
for all three fracture modes’ variations along an inclined surface
crack under biaxial loading, are useful in the establishment of
the tensile-shear transition criteria, the crack growth direction cri-
teria and the crack path prediction for elastic–plastic materials.6. Crack growth direction
As follows from the results presented in Figs. 9 and 10, all frac-
ture modes are encountered along the crack front when the in-
clined surface crack is subjected to remote uniform biaxial
loading at different intensities. Due to the mode-mixity parame-
ters’ changes along the crack front, the crack growth direction an-
gles must also change from point to point along the crack front.
This leads to different degrees of non-planar extension along the
crack front.
A literature review shows that, so far, in the studies concerning
the crack growth direction, the two most popular fracture criteria
are the maximum tangential stress (MTS) criterion and the strain
energy density (SED) criterion. They were ﬁrst proposed by Erdo-
gan and Sih (1963) and Sih (1974), respectively. The MTS criterion
states that a crack will initiate in the direction h⁄, where the largest
circumferential stress at a small distance from the crack tip reaches
a critical value, where
@rhh
@h
jr¼rC ¼ 0;
@2rhh
@h2
jr¼rC < 0: ð29Þ
In the present study, crack propagation angles are determined by
applying the MTS criterion along the crack front for inclined surface
cracks in a straightforward manner. The solution uses a stress com-
ponents transformation from the Cartesian frame to the ellipsoidal-
polar coordinate system, in accordance with Eqs. (3) and (4), to ﬁnd,
on the base of full-ﬁeld FEA results of the angular tangential stress,
rFEMhh ðhÞ-distributions along the crack front. These distributions then
allow for the prediction of a crack’s growth direction in a 3D case. It
is easy to show from Eqs. (3) and (4) that
rFEMhh ¼ r// sin2 hþ rww cos2 h 2r/w sin h cos h; ð30Þ
where
r// ¼ rxx cos2uþ rzz sin2uþ 2rzx sinu cosu; rww ¼ ryy;
r/w ¼ rxy cosuþ ryz sinu:
The strain energy density criterion was introduced by Sih
(1974), and it is based on the assumption that a continuum may
be presented as an assembly of small elements, each of them con-
taining a unit volume of solid that can store a ﬁnite amount of en-
ergy at a given instance of time. The energy per unit volume was
called the strain energy density function dW/dV. The theory is than
applied to a number of problems of brittle and ductile static, cyclic
and dynamic fracture (Sih, 1974; Shlyannikov, 2003; Shlyannikov
et al., 2010b). The SED theory predicts failure by fracture and/or
yielding, and it is based on the following hypotheses:– the location of fracture initiation is assumed to coincide with
the maximum or minimum of (dW/dV) or ðdW=dVÞmaxmin ;
– a fracture initiate at the location where ðdW=dVÞmaxmin reaches a
critical value (dW/dV)c is a characteristics of the material;
– once a crack is extended after reaching (dW/dV)c, it can be prop-
agate stably. Therefore, the SED can be determined by the fol-
lowing expressiondW
dV
 
C
¼ SC
rC
; ð31Þ
where (dW/dV)c is the area under the true stress and strain curve,
while rc is the distance from the tip to the point where global insta-
bility starts. For elastic–plastic materials’ behavior, the strain en-
ergy density function dW/dV can be written as
dW
dV
¼ r
2
o
E
1þ m
3
r2e þ
1 2m
6
r2m þ
an
nþ 1 r
nþ1
e
	 

rm ¼ rmro ¼
1
3ro
rxx þ ryy þ rzz
 
; re ¼ rero ¼
1
ro
3
2
sijsij
 1=2
;
ð32Þ
where re and sij are the equivalent and deviatoric stresses,
respectively.
In the present work, the third hypothesis of the SED-criterion is
used to determine the angle of crack propagation h⁄. Thus, a line
drawn from each point on the crack front in the normal plane at
the angle h⁄ with respect to the crack plane indicates the directions
in which the strain energy density has its minimal value, which is
where
@W
@h

r¼rC
¼ 0; @
2W
@h2

r¼rC
> 0; W ¼ dW=dV : ð33Þ
Again, the full-ﬁeld FEA angular stress component distributions
rFEMij ðhÞwere used to directly calculate the SED values under differ-
ent biaxial loading conditions.
The main hypotheses of the maximum tangential stress and the
strain energy density theories are associated with the concept of a
characteristic distance. This characteristic distance is often identi-
ﬁed with the fracture damage zone. A critical distance ahead of the
crack tip rc, is assumed to exist when the strain energy density in
an element reaches a certain critical value. For further information
on the employment of the strain energy density theory, taking into
account the critical distance or the fracture damage zone size for
the solution of mixed-mode problems, see Shlyannikov (2003).
Finally, by substituting Eq. (30) into Eqs. (29) and (32) into Eq.
(33), the values of the crack growth direction angle h⁄ at all points
of the crack periphery can be calculated for different combinations
of load biaxiality, mode mixity and surface ﬂaw geometry in accor-
dance with the MTS and the SED criteria.
Using both the MTS and the SED criteria, the crack extension an-
gles h⁄ are plotted for the surface ﬂaws in Fig. 11 as functions of
both inclination and crack-front position angles for different biax-
ial loading conditions of semi-elliptical (e = 0.5) cracks. We state
three different biaxial loading conditions, which we considered
to be particular cases of general biaxial stress: equi-biaxial ten-
sion–compression (g = 1), biaxial tension (g = 0.5) and uniaxial
tension (g = 0). Each type of biaxial loading is analyzed at a large
number of different values of the inclination angle a. Fig. 11 shows
the behavior of the crack growth direction angle h⁄ along the sur-
face crack front for a dimensionless crack tip distance r/l = 0.01.
As shown in Fig. 1, the crack-front position angle u is measured
from the free surface u = 0 and it equals u = 90 at the deepest
point of the crack front.
Fig. 11. Crack propagation angles along inclined crack fronts at r/l = 0.01.
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same load biaxiality, the crack growth direction angle behavior for
the MTS and the SED criteria have a moderate difference. It is ob-
served that the crack propagation angle h⁄ for inclination angle
a = 45 has a signiﬁcant difference along the crack front under uni-
axial tension g = 0. Another conclusion drawn from Fig. 11 is that,
in the deepest point of the crack front at u = 90 and under equi-
biaxial tension–compression g = 1 for the SED criterion, the range
of the crack extension angle variation as a function of the crack
inclination angle becomes bigger relative to the MTS criterion.
Nevertheless, both crack growth direction criteria have shown a
similar trend for a given load biaxiality, which depends on the
crack-front position and the surface ﬂaw inclination. The presented
numerical results for the strain energy density criterion are in good
agreement with the recent analytical ﬁndings by Shlyannikov et al.
(2010b).Fig. 12. Crack propagation angles along inclined cIt can also be observed from Fig. 11(c) and (f) that, for the semi-
elliptical surface ﬂaw geometry (e = 0.5), under equi-biaxial ten-
sion–compression loading (g = 1), the crack growth angle h⁄ takes
its maximum value near the free surface and a nearly constant va-
lue along most part of the crack front then decreases towards the
deepest point. It should be noted that, on the free surface of plate
at u = 0 when g = 1, a = 45 realized the mixed mode II + III and
the crack propagation angle is equal to h⁄=75–79, while for the
same values of g = 1, a  45 near the deepest point of the crack
front u = 90, so the crack extension angle experiences a sudden
jump to h⁄  1–10. Unlike in this situation, under uniaxial tension
(g = 0), the crack growth angle h⁄ moderately decreases along the
semi-elliptical crack front towards the deepest point. As can be
seen in Fig. 11(b) and (e), it depends on the given inclination angle.
As shown in Fig. 11(a) and (d), biaxial tension with a ratio of
g = 0.5 is a special case of the obtained solution. When movingrack fronts at (a) r/l = 0.01 and (b) r/l = 0.06.
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the crack propagation angle h⁄ increases until a  20, where it
reaches its maximum value in magnitude for a given parametrical
angle of ellipse u = 0. Then, h⁄ decreases as the inclination angle
decreases and, ﬁnally, h⁄ reaches h⁄ = 0 at a = 0, which again cor-
responds to the pure mode I. The same tendency is observed at
other given values of u. Similar behavior, in a qualitative sense,
on the free surface of a plate with a semi-elliptical crack was ob-
served experimentally by Shlyannikov (2003) for a through-thick-
ness mixed crack in biaxially loaded thin specimens.
Fig. 12 shows the behavior of the crack growth direction angle
h⁄ for the different crack tip distance along the whole crack front,
i.e., r/l = 0.01 and r/l = 0.06. The results are presented for the MTS
criterion under equi-biaxial tension–compression loading g = 1
of a semi-elliptical (e = 0.5) surface crack. It is observed that, as
the crack tip distance increases from r/l = 0.01 to r/l = 0.06, the
crack propagation angle h⁄decreases slightly along the crack front
as a function of the crack inclination angle. It should be pointed
out that Fig. 12 gives a very clear demonstration of the necessity
of taking into account the critical distance rc ahead of the crack
tip’s effect on the behavior of the crack growth angle h⁄, which is
done by applying different fracture criteria. Thus, the obtained
solution for the crack growth direction criterion is sensitive to
the fracture process zone size’s effect, due to corresponding values
of the critical distance.
7. Conclusions
Numerical solutions for predicting the parameters which de-
scribe a 3D surface crack’s behavior under mixed-mode biaxial
loading are presented in this paper. For a wide range of crack incli-
nation angles, elastic–plastic stress ﬁelds along the crack front for
both semi-circular and semi-elliptical surface cracks being sub-
jected to remote biaxial loading have been obtained. For both crack
geometry types, it was demonstrated that, in the vicinity of the cor-
ner, the behavior stress ﬁelds differ from the stress component dis-
tributions at the deepest point on the crack front. This phenomenon
is due to the free surface effect. Using the von Mises yield criterion,
the inﬂuences of the load biaxiality, crack-front position and crack
inclination angle on the size and shape of the plastic zone are dis-
cussed. Combining analytical solutions and 3D ﬁnite element calcu-
lations, the elastic crack tip singularity for a surface semi-elliptical
crack has been investigated on a biaxially loaded plate. The distri-
butions of singularity exponents have been obtained along the
crack front for three main cases of mixed-mode loading.
For several combinations of initial ﬂaw geometry and load biax-
iality, elastic–plastic stresses are calculated numerically to deter-
mine the mode-mixity parameters. The inﬂuence of aspect ratio
of the semi-elliptical surface ﬂaw, the biaxial loading and the ini-
tial crack angle on both elastic and plastic mode-mixity parameters
distributions are discussed. In all situations, it is found that the
behavior of mixed-mode parameters along a curvilinear crack front
strongly depends on the crack-front position described by the
parametrical semi-ellipse angle. In the particularly case of a pure
shear nominal stress state, the mode-mixity parameters changed
from pure mode II near the border of the semi-elliptical surface
crack to pure mode III at the deepest point of crack front.
The computational data for the surface ﬂaw elastic–plastic
stress ﬁelds are used for the MTS and the SED criteria determina-
tion, and they allow for the calculation of the crack growth’s direc-
tion for a 3D case of surface ﬂaw biaxial loading. It was shown for
both semi-circular and semi-elliptical crack types that the loadbiaxiality has a principal effect on the crack growth direction an-
gle’s behavior along the crack front.
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